Based on a variational approach, we propose that there are two kinds of low energy states in the t-J type models at low doping. In a quasi-particle state an unpaired spin bound to a hole with a well-defined momentum can be excited with spin waves. The resulting state shows a suppression of antiferromagnetic order around the hole with the profile of a spin bag. These spin-bag states with spin and charge or hole separated form a continuum of low-energy excitations.
J∆d k with d k =cosk x − cosk y . Notice that the sum in |Ψ 0 is taken over the sublattice Brillouin zone (SBZ).
In the presence of doped holes or electrons, we consider the t-J type model including longer-ranged hoppings, with amplitues t ′ for the 2nd n.n. and t ′′ the 3rd n.n.. By applying a particle-hole transformation [3, 6] we can treat hole-and electron-doped cases in the same manner. However, here we will just concentrate on the hole-doped cases with J/t=0.3 = −t ′ /t and t ′′ /t=0.2.
When a hole is doped or an electron is removed from |Ψ 0 , a pair must be broken with an unpaired spin left. Thus it is quite natural to have the following VWF [3, 12] for a single doped hole, e.g., with a lone up spin
where the hole momentum q h is excluded from the sum if q h is within the SBZ, otherwise, q h − Q is excluded. P d here enforces the constraint of no doubly occupied sites. When we choose the unpaired-spin momentum q s to be either the same as the hole momentum q h or q h +Q, this VWF is equivalent to the Lee-Shih [12] wave function. Variational energies calculated vary with q h [3, 12] . The energy dispersions for t-J and t-t ′ -t ′′ -J models are plotted as filled circles in Fig. 1(a) and (b), respectively. For both models, the ground state with one hole has momentum (π/2, π/2) ≡ Q/2. As shown in Ref. [3] , these dispersion relations are still followed when hole number is increased. The holes in these wave functions behave just like QP's, hence we denote
There are only two variational parameters: ∆/χ and m s /χ in our VWF's. Fig. 1(a) ), they are of higher energies than that of SB states with q h =(π/2, ±π/2) in the t-t ′ -t ′′ -J case. There are many such states, actually an infinite number of them for an infinite system, forming a continuum, as schematically illustrated by the shaded regions in Fig. 1 
(a) and (b).
There is an intuitive way to understand the difference between SB and QP states. The spin excitations of the QP states can be easily constructed by applying the spin operators,
Notice that these operators commute with the projection operator P d . In the linear spin-wave theory k ′ is the momentum of the spin wave.
The particular term inlcuded in the sum of q ′ with q ′ equal to the momentum of the un- [17] . The slight differences between the two results at k ′ =Q/2 and k ′ =(π, 0) are due to the hole-renormalization effect [18] . SB states represent spin excitations of the QP states. The empty/gray circles in Figs. 1(a) and (b) are the lowest spin excitation energies of the ground state [19] .
The two VWF's also give very different spin and hole correlations. When the hole is at the A sublattice, the correlation is SH A (r)= i∈A (−1)
where n has values larger than the uniform background, 0.368. Thus the unpaired spin is bound to the hole. On the other hand, for the SB state the magnetization is suppressed around the hole, this is similar to the idea of a SB first proposed in Ref. [21] . The unpaired spin bound to the hole in the QP state is here being excited by the spin-wave excitation and becomes unbound in the SB state. This may be viwed as a spin-charge separated state.
The spin-charge separation observed in the SB states has many interesting consequences.
In ED studies, it has been found [15] that the lowest energy state at (π, 0) for the tt ′ -t ′′ -J model is very different from that of the t-J model. The spin-spin correlation across the hole changes from ferromagnetic (FM) to AF when t ′ is turned on. This re-sult can now be understood as that the lowest energy state at (π, 0) for the t-J model is the QP state |Ψ qp 1 (q s =q h =(π, 0)) as shown in Fig. 1(a) , but it changes to a SB state |Ψ sb 1 (q s =(π, 0), q h =Q/2) for the t-t ′ -t ′′ -J model as shown in Fig. 1(b) . In Table I we list correlations obtained between pairs of spins around the doped hole for QP and SB states.
The correlation is defined as clearly support our identification of low-energy spectra to be consisted of QP and SB states. Another important difference between QP and SB states is in their MDF n σ (k) . The results can actually be predicted. Since the hole momentum q h is excluded from the VWF |Ψ 1 , we naturally expect n ↑ (k) to have a smaller value or a dip at k=q h and k=q h + Q than its neighbors, similarly for n ↓ (k) at k=−q h and k=−q h + Q. However, in a QP state with an up spin at momentum q s =q h , then n ↑ (k=q h ) is increased and there is no more a dip. As an example, the MDF obtained by the QP state with q h =q s =(π, 0) is listed in Fig. 3(a) . Because of the symmetry, only results for one quadrant of the BZ are shown.
At each k the upper(lower) number is for up(down) spin. Now for a SB state with a lone up spin at q s ( = q h ), the original spin at q h in the QP state is excited and placed at q s , then n ↑ (k=q h ) still has a dip. Fig. 3(b) shows the MDF obtained for the SB state with q s =(π, 0) and q h =Q/2 [20] . Results are here for 32 sites and (∆/χ, m s /χ)=(0.1, 0.05).
This behavior of the MDF's is indeed found in the exact results of the t-t ′ -t ′′ -J and t-J models on 32 sites. MDF's obtained by the ED method for the lowest energy state at (π, 0) of the t-J and t-t ′ -t ′′ -J models are shown in Fig. 3 (c) and (d), respectively. The nice qualitative agreement achieved between 3(a) and (c) as well as between 3(b) and (d) [22] re-affirms our results shown in Fig. 1(a) and (b): the lowest energy state at (π, 0) for a single hole is a QP state for the t-J model and a SB state for the t-t ′ -t ′′ -J model.
Another consequence of this switch from a QP state to a SB one is the drastic change of the spectral weight, , 0) ) we obtained Z k = 0.475, it vanishes when we use the SB state |Ψ sb 1 (q s =(π, 0), q h =Q/2) . This is consistent with exact results for the t-J model (Z k =0.34) [7] and t-t ′ -t ′′ -J model (Z k =0) [23] . In addition, spectral weights of the lowest energy states of both models at (π, π) and (3π/4, 3π/4) are either exactly zero or very small. This is consistent with our identification that states at both momenta are SB ones. Since c kσ |Ψ 0 , unlike the SB state, has momenta of the hole and unpaired spin related, it has a negligible overlap with the SB state. By contrast, states at (π/2, π/2) and (π/4, π/4) remain to be QP states in both t-J and t-t ′ -t ′′ -J models, hence large spectral weights are expected. It is noted that our QP (SB) states predict much larger (small) spectral weights in comparison with that of the exact 32 sites.
This discrepency is partly due to the fact that we have AF LRO in our VWF's while total spin is a good quantum number in the exact results. Another reason is that due to the projection operator P d our QP states and SB states with the same quantum numbers (total momentum and total S z ) are actually not orthogonal to each other although they have very Fig.1(b) ). More comparison with experiments is in progress.
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